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Abstract 

We introduce a notion of pure spinor for spinorially twisted spin representations, analyze the 
geometrical consequences of their existence, and characterize special Riemannian holonomies by 
the existence of parallel (twisted) pure spinor fields. 


1 Introduction 


The purpose of this note is to introduce a suitable notion of pure spinor for spinorially twisted 
Spin structures [5] in order to give a unihed treatment of special Riemannnian holonomy by means 
of (twisted) spinorial geometry. We begin by noticing that a Spin'^ structure on a Riemannian n- 
dimensional manifold M consists of the coupling of a (locally defined) Spin{n) structure and an 
auxiliary (locally defined) 17(1) = Spin{2) structure, subject to a topological condition [HI[3]. Sim¬ 
ilarly, a Spin'J structure on M consists of the coupling of a (locally defined) Spinin) structure and 
an auxiliary (locally defined) 5'p(l) = Spin{3) structure, also subject to a topological condition [T7] . 
Here, as in |8], we consider the twisted Spin groups Spin{n) Xz^ Spin(r), r > 3, and recall the def¬ 
inition of spinorially twisted spin structures. We define pure spinors in this context and show that 
their existence encodes the special Riemannian holonomy groups given in the Berger-Simon’s holon¬ 
omy Theorem HHD], which states that the holonomy group of an irreducible non-locally symmetric 
oriented Riemannian manifold is contained in one of the groups in Table 1. 


Group 

Geometry 

SO{n) 

U{n/2) 

SU{n/2) 

Sp{n/A)Sp{l) 

Spin) 

Spin{7) 

G2 

Generic 

Kahler 

Calabi-Yau 

Quaternion-Kahler 

Hyperkahler 

Exceptional 

Exceptional 


Table 1. Special Riemannian holonomy groups and geometries. 
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We refer the reader to [Mill] for extensive accounts on the theory of Riemannian holonomy. The 
manifolds having holonomies contained in 

SU{n), Sp{n), Spin{7), G 2 , 

are known to be Ricci-flat, Spin and to carry parallel spinors for their classical (untwisted) Spin 
structures mm- However, there are manifolds with holonomies contained in U{n) and Sp{n)Sp{l) 
which are not even Spin. In HD, A. Moroianu proved that a simply-connected Spin° manifold carrying 
a parallel spinor field is the Riemannian product of a Ricci-flat Spin manifold and a (not necessarily 
Spin) Kahler manifold. The relevant notion within the proof was that of pure spinor (with respect 
to a subbundle of the tangent bundle) in order to identify the Kahler factor. More precisely [2], a 
(classical) pure spinor </> is a spinor such that for every tangent vector X there exists another tangent 
vector such that the following equation is fulfilled 


X-(j) = iY -4). 

This condition says that the two spaces TM ■ 4 and iTM ■ 4 not only meet in A„, but actually 
coincide. This coincidence allows the transfer of the effect of multiplication by the number i = -\/—l 
in the complex space A„ to the tangent space TM. Indeed, manipulation of this equation shows that 
setting Y = J{X) determines an almost complex structure J on the manifold, while the parallelness 
of such a spinor implies that the structure J is parallel, i.e. Kahler. From this we draw the conclusion 
that using a (twisted) Spin° structure allows the holonomy U(n) to be recovered from a spinorial 
object. 

Now recall that the tangent spaces of quaternionic Kahler manifolds and 8-manifolds with Spin(7) 
holonomy are representation spaces of sp(l) = spin(3) and spin(7) respectively, which are restrictions 
of representations of even Clifford algebras of rank 3 and 7. Thus, by the arguments above and 
noticing that 

17(1) ^ Spin{2) C Cl^, 

Sp{l) ^ Spin{3) C Cl°, 

Spin{7) C Cl^, 

we were led to speculate that the special Riemannian holonomies must be determined by twisted 
spinors which, somehow, should induce a transfer of algebraic structure from an even Clifford algebra 
to the bundle of endomorphisms of the tangent spaces of the manifold (see [19] for our first attempt). 
By assuming the existence of such a transfer of algebraic structure in the form of a parallel even 
Clifford structure, Moroianu and Semmelmann [16] verified the relation with special Riemannian 
holonomies, with the exception of the exceptional Lie group G' 2 . 

Now we will describe briefly our spinorial approach. Let M be a smooth Riemannian manifold 
and F be an auxiliary Riemannian vector bundle of rank r. Let (ci, • • • , e^) and (/i, • • • , fr) be local 
orthonormal frames of TM and F respectively, S{TM) and S{F) be the locally defined spinor vector 
bundles of M and F respectively, and suppose to € N is such that the bundle S[TM) ® S{F)®'^ is 
globally defined. A spinor field 4 ^ T{S{TM) (g) S'(F)®™) determines maps 

T,M ^ T,M-4, C S{T,M)0S{F,)<^^ 

T^M T^M ■ KflUkfi) ■ 4x C S{T,M)®S{F,)®^, 

at a; £ M, for all 1 < /c < Z < r, where nff is the induced representation of spin(r) on S{F)®'^. These 
maps are injective at points where ((1 ^ 0, since real tangent vectors do not annihilate spinors. Given 
a pair fc < Z, we can project 


T,M-4 

n 

■ 4x, ej ■ 44) Cj • 4:, 

i=i 


^ • C(/fc/i) • </>: 
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which, in turn, gives the map 

T,M 

n 

i=i 

At this point, we realized that the transfer of algebraic structure of the even Clifford algebra Cl^ must 
be encoded in these maps. Thus, we will define pure spinors in such a way that the local 2-forms and 
endomorphisms 



vti{x,Y) = 

fitix) = 

induce a non-trivial representation of on T^M (cf. Proposition 13.ip . Moreover, by assuming the 
spinor to be parallel, the induced even Clifford structure will also be parallel (cf. Theorem 14. 2 L and 
we are able to identify the special holonomies from Berger’s list, including G 2 (cf. Corollaries 14.11 
14.3114.4114.51 and 1461) . Since all of our considerations hinge on the existence of such special spinors, 
we give explicit representatives for the ranks r = 3, 7 (cf. Section IXT)) . For the benefit of the reader, 
we provide detailed calculations throughout the paper. 

We hope that our notion of pure spinor may arouse the interest of physicists due to its fermionic 
nature, its relation to physically relevant holonomies such as Spin{7) and G 2 (cf. [S] | 6 l [7] and 
references therein), and the fact that the twisted Spin group Spin{A) Spin{6) has been used in 
the Pati-Salam Grand Unified Theory [5]. 

The paper is organized as follows. In Section [21 we recall Clifford algebras, twisted spin groups, rep¬ 
resentations and structures. In Section [31 we define twisted pure spinors, deduce their relevant prop¬ 
erties and show explicit representatives. In Section|4l we characterize special Riemannian holonomies 
by the existence of parallel (twisted) pure spinor fields. 

Acknowledgements. The first named author would like to thank Prof. H. Baum and Humboldt 
University for their hospitality, as well as the International Centre for Theoretical Physics and the 
Institut des Hautes Etudes Scientifiques for their hospitality and support. 


2 Preliminaries 


In this section, we recall basic material that can be consulted in [9] and various twisted objects defined 
in [ 8 ] that will be used throughout. 

2.1 Clifford algebras, twisted spin groups and representations 

2.1.1 Clifford algebra 

Let Gin denote the Clifford algebra generated by the orthonormal vectors ei, 62 ,..., e„ € K" subject 
to the relations 


Let 


CiCj -)- CjCi — 2 ^ 2 j , 

CZ„ = Gin ®R C 
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denote the complexification of Cln- The Clifford algebras are isomorphic to matrix algebras and, in 
particular, 


Cln 


End(C^ ), if n = 2k, 

End(C2'“)0End(C2'“), ifn = 2fc + l. 


The space of spinors is defined as 


A„ := (g) ... (g) 

k times 


The map 


K : Cln —> End(A„) 


is defined to be either the above mentioned isomorphism for n even, or the isomorphism followed 
the projection onto the first summand for n odd. In order to make k explicit, consider the following 
matrices 


Id = 


1 0 
0 1 


9i = 


i 0 
0 -i 


92 = 


0 i 
i 0 


T = 


0 -i 
i 0 


In terms of the generators ei,..., e„ 

of the Clifford algebra, n can be d 

Cl 

I-)- 

Id® Id® . 

.. ® Id® Id® gi, 

62 


Id® Id® . 

.. ® Id® Id® g2, 

63 


Id® Id® . 

. . ® Id® gi ®T, 

64 

I-)- 

Id® Id® . 

.. ® Id® g2 ®T, 

62 fc-l 


gi®T®.. 

.®T®T®T, 

62 fe 


g2®T ® .. 

.®T®T®T, 

and, if n = 2fc -1- 1, 

62 fc-|-l 

iT®T® .. 

..®T®T®T. 


The vectors 


u+i = 


and u_i = —^(l,i), 
V2 


form a unitary basis of with respect to the standard Hermitian product. Thus, 


{u{Eu...,Ek) = Wei \ej =±l,j = 

is a unitary basis of A„ = with respect to the naturally induced Hermitian product. 

Remark. We will denote inner and Hermitian products (as well as Riemannian and Hermitian 
metrics) by the same symbol (•,•) trusting that the context will make clear which product is being 
used. 


By means of k we have Clifford multiplication 

: M” g) A„ —^ A„ 

X®4) I —>■ ^n{x ® 4)) = X ■ 4) •.= k(x){4)) . 

It is skew-symmetric with respect to the Hermitian product 

(x • </>!, (/)2) = {9n{x g 4‘i),4>2) = “ (</>!, g (/)2)) = - {4>1,X- 4>2) ■ (I) 
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Moreover, can be extended to a map 

/i„ : A*(M”)0 An ^ An 

LO ®1p I—>■ LU ■ tp. 

There exist real or quaternionic structures on the spin representations. A quaternionic structure 
a on is given by 



and a real structure /? on is given by 



The real and quaternionic structures 7 „ on An = are built as follows 


In 


if n 

= 8fc, 8fc -I- I 

(real). 

In 

= a 0 (;9 0 

if n 

= Sk -\- 2, Sk -\- 3 

(quaternionic). 

In 

= (a 0/3)®^'=+^ 

if n 

= 8A:-b 4, 8A:-f 5 

(quaternionic). 

In 

= a 0 (/3 0 

if n 

= 8A: -b 6, 8A: -b 7 

(real). 


2.1.2 Spin group and representation 

The Spin group Spin{n) C Cln is the subset 

Spin{n) = {xiX2 ■ ■ ■ X21-1X21 \ xj € K", \xj \ = 1 , ^ € N}, 
endowed with the product of the Clifford algebra. It is a Lie group and its Lie algebra is 

spin(n) = span{eiej | 1 < i j < n}. 

The restriction of k to Spin(n) defines the Lie group representation 

Kji . — fP\Spin{n) • Spifli^Tl^ )■ LrZ/(An), 

which is, in fact, special unitary. We have the corresponding Lie algebra representation 

Kn. : spin(n) —^ fll(An). 

Both representations can be extended to tensor powers : spin(n) —> End(A®™), m G N, in the 
usual way. Recall that the Spin group Spin{n) is the universal double cover of SO{n), n > 3. For 
n = 2 we consider Spin{ 2 ) to be the connected double cover of SO[ 2 ). The covering map will be 
denoted by 

A„ : Spin{n) SO{n) C GL(R"). 

Its differential is given by \n, where Eij = e*® Cj — e*® Ci is the standard basis of the 

skew-symmetric matrices, and e* denotes the metric dual of the vector e. Furthermore, we will abuse 
the notation and also denote by A„ the induced representation on the exterior algebra A R"- Note 
that Clifford multiplication is an equivariant map of Spin(n) representations. 

Now, we summarize some results about real representations of Cl^ in the next table (cf. [14)1. 
Here dr denotes the dimension of an irreducible representation of Clr and Vr the number of distinct 
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irreducible representations. Let denote the irreducible representation of Cl^ for r ^ 0 (mod 4) 
and denote the irreducible representations for r = 0 (mod 4). 


r (mod 8) 

dr 

Cfr 

Ar/A^^ M®*'- 

Vr 

1 

2L§J 

R{dr) 

^dr 

1 

2 

25 

<C{dr/2) 

£dr/2 

1 

3 

2 I 5 I +1 

H(dj4) 

^dr/4 

1 

4 

25 

H(dr/4) 0 W{dr/'f) 

^dr/i 

2 

5 

2 I 5 J +1 

m{dr/A) 

^dr/A 

1 

6 

25 

C{dr/2) 

<Cdr/2 

1 

7 

2L51 

R{dr) 

^dr 

1 

8 

25-1 

K(dr) 0R(dr) 

^dr 

2 


Table 2 

Note that the representations are complex for r = 2,6 (mod 8) and quaternionic for r = 3,4,5 
(mod 8). 


2.1.3 Spinorially twisted spin groups and representations 

By using the unit complex numbers U(l) or the unit quaternions 5'p(l), the Spin group has been 
“twisted” as follows 


Spirf{n) = {Spin{n) x 17(1))/{±(1,1)} = Spin{n) U{1), 

Spin'^(n) = {Spin(n) x S'p(l))/{±(1,1)} = Spin(n) x^^ Sp{l). 

These give rise to the following short exact sequences 

1 ^ Z 2 ^ Spin‘^{n) SO{n) x [7(1) —^ 1, 

1 ^ Z 2 ^ Spin‘‘{n) SO{n) x SO{3) 1, 

respectively, which lead to the notions of Spin® and Spin'J structures [ni[T31[T7]. Notice that [7(1) = 
Spin{2) and Sp{l) = Spin{3), so that we are led to define the twisted Spin group Spin^{n) as follows 

Spiff (n) = [Spin{n) x Spin[r))/{±{1, 1)} = Spinin) x^^ Spin{r), 

where r G N and r >2. Spirf{n) also fits into a short exact sequence 

1 ^ Z 2 ^ Spirf{n) SO{n) x SO{r) 1, 

where 

Xn X Xr '■ Spiff {n) —^ SO{n) x SO{r) 

[g,h] {Xn{g),Xr{h)). 

We will call r the rank of the twisting. Note that the groups Spin'^iri) = Spin‘^(ri) and Spin^in) = 
Spin'^{n). The Lie algebra of Spin^{n) is 

spin”(n) = spin(n) 0spin(r). 


Consider the representations 

:= 0 < : Spin^in) GL(A„ 0 Af™) 
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[9,h] = K„(5) 0 


where m G N, which are unitary with respect to the Hermitian metric. We will also denote 
[g, /l] • (V’ 0 ip) := Kn{g) 0 0 </?) = (Kn(ff)(V’)) ® (‘P)) ■ 

An element (j) of A„ 0 A®™ will be called a twisted spinor, or simply a spinor. 

Also consider the map 

gn®Pr-- ®r a*®’') ®R (A„ 0 K) -^ A„ 0 Ar 

{wi 0 W 2 ) ® {ip ®'p) l-t (wi 0 W 2 ) ■ {ip ®'p) = {wi ■ Ip) 0 {W 2 ■ <p). 

As in the untwisted case, g„ 0 fir is an equivariant homomorphism of Spin^{n) representations. Note 
that we can also take tensor products with more copies of A^. as follows 

HP := 0 Ai. 0 : A*M" 0r A™ ^ A™ 

/3 0 (</3l 0 • • • 0 '-t f/?! 0 • • • 0 (/ir(/3 0 </5o)) 0 • • • 0 ‘/’m 

= (/?! 0 • • • 0 (/3 • </5a) 0 • • • 0 

with Clifford multiplication taking place only in the a-th factor. We will also write 
g!p{l3 ® Pi ® ® ipm) = tiP{l3)-{pi®---®Pm)- 

Notice that if {fi,..., fr) is an orthonormal frame of M'', 

KT*{fkfl){Pl 0 • • • 0 Pm) = {pl{fkfl) • </5l) 0 • • • 0 </5m H-+ (/?! ® ' 0 {p'pP{fkfl) ' Pm)- (2) 


2.2 Spinorially twisted Spin structures 

2.2.1 Spin structures on oriented Riemannian vector bundles 

Let F be an oriented Riemannian vector bundle over a smooth manifold M, with r = rank(A) > 3. 
Let Pso(F) denote the orthonormal frame bundle of F. A Spin structure on A is a principal Spin{r)- 
bundle Pspin(F) together with a 2 sheeted covering 

A : Pspin{F) —t Aso(f), 

such that A{pg) = A{p)Xr{g) for all p € Pspin{F), and all g £ Spin{r), where Xr : Spin{r) —> SO{r) 
denotes the universal covering map. In the case when r = rank(A') = 2, we set X 2 ■ Spin{2) —> SO{2) 
to be the connected 2-fold covering of SO{2). When r = 1 a Spin structure is only a 2-fold covering 
of the base manifold M. 

Given a Spin structure Pspin{F) one can associate a spinor bundle 

^{P) ~ Pspin{F) 

where A^ denotes the standard complex representation of Spin{r). In fact, one can also associate 
spinor bundles whose fibers are tensor powers of A^, 

S{F)^rn ^ ^^m^ 


where m £ N. 
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2.2.2 Spinorially twisted spin structures on oriented Riemannian manifolds 


Definition 2.1 Let M be an oriented n-dimensional Riemannian manifold, Pso{m) be its principal 
bundle of orthonormal frames and r G N, r > 2. A Spin’' structure on M consists of an auxiliary 
principal SO{r)-bundle Pso(r) cin-d a principal Spin^{n)-bundle Pspin’-(n) together with an equivariant 
2 : 1 covering map 

A : Pspin^in) -^ PsO{M)^PsO{r)^ 

where x denotes the fibre-product, such that A(jjg) = A(p)(A„ x Xr)ig) for all p G Pspin^(n) ond 
g G Spin^fn), where A„ x Ar : Spin^fn) — SO(n) x SOlj) denotes the canonical 2-fold cover. 

A manifold M admitting a Spin'' structure will be called a Spin’’ manifold. 

Remark. A Spin’’ manifold with trivial Pso{r) auxiliary bundle is a Spin manifold. Conversely, 
any Spin manifold admits Spin’’ structures with trivial Pso{r) the inclusion Spin{n) C Spin''{n) 
given by the elements [g, 1]. 

Remark. A Spin’’ manifold has various associated vector bundles such as 

TM = Pspin''{n) ^AnXAr ^ {0}): 

F = Pspin’-{n) Xa„xA,. ({0} X M’’), 

5(rM) 0 5(F)®’" = (A„ 0 Af’"), 

where the last bundle is globally defined if M and m satisfy certain conditions. Indeed, S(TM) 0 
5(F)®’" is defined if one of the following options holds: 

• M is a non-Spin Spin’ manifold and m is odd. The structure group under consideration is 
Spin'^n). 

• Both M and F admit Spin structures, and m G N. The structure group under consideration 
is Spiniri) X Spinir), so that we can associate a vector bundle to every representation of the 
product group. 

• M is Spin, F is not Spin, and m must be even. In this case, the representation A®’" must factor 
through SO(r) in order to get a globally defined bundle. Thus, the structure group we need to 
consider is Spinfn) x SO{r). 

Note that although this case falls outside the definition of Spin’’ structure, we will consider it 
since one can still work with twisted spinors and twisted Dirac operators. 


2.2.3 Example: Homogeneous Spin’ structures 

Let M be a homogeneous oriented n-dimensional Riemannian manifold and G be its isometry group. 
Let K be the isotropy subgroup at some point so that M = G/K. The Lie algebra g of G decomposes 

0 = t © m, 

where t is the Lie algebra of K and m is the orthogonal complement. Since G can be seen as a 
principal bundle over M with fiber K, the tangent bundle TM is 

TM = G XAdK m, 

i.e. the vector bundle associated via the isotropy representation 

Adx : K 50(m) ^ 50(n). 


Let be a homogeneous oriented rank r Riemannian vector bundle over M 


F = Gx^R’^, 

associated to a representation 

a : K —> SO{r). 

A homogeneous Spin'^iri) structure on M is given by a homomorphism AcIk x a : K —> Spirf{n) 
that makes the following diagram commute 

SpirF{n) 

/ i 

K sO{n) X SO{r). 

If such a map exists, we can associate the twisted spinor vector bundle 

^ ^aATo- ® 


Example. Let us consider the real Grassmannians of oriented A:-dimensional subspaces of 




SO{k + l) 
SO{k) X SO{l)' 


Let r = ak + bl, a, b G N. There exists a homomorphism Ad x a : SO{k) x SO{l) —>■ Spirf{kl) 
providing a homogeneous S'pin’’(fc/)-structure on the real Grassmannian Grfc(R^+*) if 


a = I (mod 2), 
b = k (mod 2). 


2.2.4 Covariant derivatives on t-wisted Spin bundles 

Let M be a Spin*" n-dimensional manifold and F its auxiliary Riemannian vector bundle of rank 
r. Assume F is endowed with a covariant derivative (or equivalently, that Pso(f) is endowed 
with a connection 1-form 0) and denote by V the Levi-Givita covariant derivative on M. These two 
derivatives induce the spinor covariant derivative 

V® : r(S'(rM) 0 S'(E)®’") —^ r(T*M 0 S{TM) 0 S'(F)®™) 

given locally by 


® ip) = ^ p) + 

i ^ ujji 0 e.Cj ■ 0 

0 (^ -|- 0 0 

i E Oki<S>nZ{fkfi)-p 


l<2<j<n 


^l<fc</<r 


where '0 0 € r(S'(TM) 0 S'(E)®™), (ei,..., e„) and (/i, ..., fr) are a local orthonormal frames of 

TM and F respectively, Wy and 6ki are the local connection 1-forms for TM (Levi-Civita) and F. 

From now on, we shall omit the upper and lower bounds on the indices, by declaring i and j to 
be the indices for the frame vectors of M, and k and I to be the indices for the frame sections of F. 
Now, for any tangent vectors X,Y G T^M, 


R«(A,y)(00v5) = 

2 'y ] Y)eiej ■ 0 

0 (/? -|- 0 0 



i<j 


. k<l 
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where 


n,,{X,Y) = {R^[X,Y){ei),e,) and Qm{X,Y) = {R^{X,Y){fk), fi), 

R^ and R^ denote the cuvature tensors of V and V^. 

For X, Y vector fields and (j) € T{S{TM) ® S{F)®"^) a spinor field, we also have the compatibility 
of the covariant derivative with Clifford multiplication, 

X$,iY-cl,) = iVxY)-ct> + Y-yU- 


3 Special twisted spinors 


In this section we define pure spinors and deduce their relevant properties. Throughout this section, 
let (ei,..., Bn) and (/i,..., fr) be orthonormal frames for R” and M’' respectively. A linear basis for 
Cl^ is given by the products fi^fi^ ■ ■ ■ /ij,, where {ii,i 2 , ■ ■ ■ ,* 2 s} C {1,... ,r'\. In order to simplify 
notation, we will write fki ■= fkfi- 

Lemma 3.1 Let (j) € A„ 0 A®'", X,Y G R”, l<a<b<c<d<n and 1 < k,l < r. Then 


Re AAfki) ■ (/>, 4>) 

= 0, 

(3) 

Re {X AY A. 

= 0, 

(4) 

lm{X AY ■ kAIm) AA) 

= 0, 

(5) 

Re{XAA- 4>) 

= {xA)\A, 

(6) 

R.e(eabcd • kiAfkl) ■ ’4’A) 

= 0. 

(7) 


Proof. By using o repeatedly 

{TrUkfl) ■ = -{Tr{fkfi)4>A), 

so that m follows from ©. 

For identity dl]), recall that for X,Y G R" 

X AY = X -Y + {X,Y). 


Thus 


(xayaA) = -{xayaA)- 

Identities (O, (|6]) and © follow similarly. 


□ 


Definition 3.1 [5] Let (j) £ A„ (g) A®™, A, T G R" and 1 < kj < r. 


• Let 

4i{X,Y) = Re{X AY ■ AA) 

be the real 2-forms associated to the spinor (j). 

• Define the antisymmetric endomorphisms G End~(R”) by 

X^tAX) := (X.AAK 

where j denotes contraction and ** denotes metric dualization. 
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In fact, for any ^ G A we define ^ G End (M^) 

I: ^ E^ 


X ^ ax) ■■= (x^e)“- 


Remarks. 

• For k ^ I, 


• By (HD, 

• By ([5|), if fc ^ Z, 


— Vik- 

Ikk = 0. 


r,Ux,Y) = {X AY ■ K^Mki) ■ . 

• For AgZ7(1)cC, the spinor Xcj) produces the same 2-forms 

X4> 4> 

Vki =%i- 

• Note that, depending on the spinor, such 2-forms can actually be identically zero. 
Lemma 3.2 [8] Any spinor (j) G A„ 0 A®"* defines two maps (extended by linearity) 


and 




A^R" 



fkl 

^ := 

<p 

= %i 



—^ End(R”) 



fkl 


= Vki 


□ 


3.1 Pure spinors: r > 3 

From now on we shall assume that r > 3. 


Definition 3.2 A (non-zero) spinor f € A„ 0 A®™ is 

{vti + ‘2nTMki))-(^ 

intif 


called a pure Spin^fn) spinor if 

= 0 , 

= — Wr" , 


for all 1 < k < I < r. 


Remarks. As mentioned before, the purpose of a pure spinor is to induce the transfer of the 
algebraic structure of the even Clifford algebra Cl) to End(R"), i.e. to give us an even Clifford 
structure m- 

• The first condition ensures that the spinor provides a subalgebra which is part of its own anni- 
hilator in spin(n) 0spin(r). 
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• The second condition ensures that the 2-fornis are non-zero and the associated endomorphisms 
are almost complex structures. In particular, it already tells us that n must be even. 

• The combined conditions should produce a copy of spin(r) within End(M") by means of spanjly^j 11 < 
k < I < r}, as will be shown below. 


Lemma 3.3 Let (p € A„ (g) A®™ be a pure spinor. 
1. If 1 < i,j^ k,l < r are all different, 


2. // 1 < i,j, k < r are all different, 


[fiL€] = o- 




Proof. For identity dS]), suppose 1 < i,j,k,l < r are all different. Notice that in spin(r) C Cl^, 

[fki,h]=0 

and, since k™ : spin(r) C Cl^ —>■ End(A®™) is a Lie algebra homomorphism, 

0 = 


i.e. 


Now recall that, by definition, 
which implies 


vt ■ </> = -2C*(/*i) • (t', 


= -2<(/,).0 
= ^TAh)-vtr^- 

By Lemma IXTl 

Re (^Cs A et • pfj ■ KT*ifki) ■ = Re A et ■ eb)ea A e^ ■ «“(/«) • <p, <p ^ 

= Re'^T]f^{ea,eb) (e^ ■ et ■ Ca ■ ei, ■ K^flifki) ■ 4>,4>) 

a<.b 

= X] ■ (p, (p) 

s—a<.b 

+ X {es ■ Ob ■ K'flifki) ■p,p)) 

t—a<.b 

+ X eO {Cs ■ Ca • K™ (/fci) • 4>) 

a<.t—b 

+ X {et ■ ea ■ n^Mki) ■ (p, (p)) 

a<.b—s 

= '^vUes,eb)ptiiet,eb) 

s<b 

+ X eb){-r]tiies, eb)) 


( 8 ) 

(9) 


t<b 
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+ '^vtj{eb,et)r]'^i{es,eb) 

b<t 

+ es){-vti (et: et,)) 

b<s 

= -Y1 eb)vtii(^b, et) + vtii(^s,eb)vfjieb, et) 

b b 

= -Yi^tM4^bs+Yi4^*b[4i]bs 

b b 

= -[vtivtjhs + [fitjfitihs 

the entry in row t and column s of the matrix 

Analogously, 

Re A et • ?7fr (/it) • = [vti > vtj ] ts • 

Thus, 

[-nUfiti] = 

but by definition of the bracket 

[vL'nfj] = -[’ntj^vti]- 

Hence, 

= 0 - 


For identity dH), recall that in spin(r) C Cl° 


so that 


[fijt fjk] 


fijfjk fjkfij 

-2/.fc, 


-2<(/*fe) 


C*([/u,/ife]) 

[<Ah),<Mjk)], 


C(/.r)C(/rfe) = C(/.fe)C(/.r) - 2C(/.fe)- 

Now, 

rjf. ■ (j) = -2C*(/it) • </>, 

which implies 

C*(/jfc) ■ • </> = -2C*(/tfc)K™(/it) • </> 

= -2[<(/yX(/,fe) + 2<(/*fe)] • ^ 

= ih )-Vjk-^- 4k™ if^k) ■ <)>■ 

Thus, on the one hand. 

Re (^Cs A et ■ r]f. ■ k™ (/jfc) • <)>, <)>^ = Re A e* • 77 ^^^, • n'^^ij) ■ - 4Re (e^ A e* • K^if^k) ■ <(>) 
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By the calculation above 


= Re (^es A e* • ■ C*(/y) 4?7ffe(es, ej). 


so that 


Re (cs A et ■ 

4> 

%■ 

C*(/jfe) • 4>) 

= Ivtpvfk] 

Re (cs A et ■ 

^tk- 

^Tdfij) ■ <(>, 4>) 

= [vtk^vfj] 



vfki^s,et) 

~ [vfkhsj 

\fd- 

I'hj 

^fltk\ 

= i'ntk’Vtp- 

^fitk 




- ^vfk^ 


and 




□ 


Remark. We see that the endomorphisms 277 ^;, if non-zero, satisfy the Lie bracket relations of 
the Lie algebra so(r). In fact, they satisfy stronger relations as we shall see below. 


Lemma 3.4 Let (f) G A„ ® A®™ be a pure spinor. Let 1 < i,j,k,l < r be all different. 

• The automorphisms fjf^ and fi'^i commute 

^(h ^(h '•d) '•d) 

= vhVij- 

• The automorphisms fjf^ and anticommute 

■^d> ''d> ''d> ''d> ''d> 

= -vJkVij = -Vik- 


( 10 ) 


( 11 ) 


We have the following identities 


^(h ^^d) '-d) ^(h 

%Vki = -ffkTji 

= -Tpffk 

^(p ^(p 
= %i% 

^(p ^(p 

= %kffi 

^(p ^(p 

= vhVjk- 


( 12 ) 


Proof. Identity m is the same as ([5]) in Lemma [37 
For identity (HU recall 


and the commutator identity 


iViif = -Wr", 


vfjVjk - fitkfitj = -‘^vfk- 


Compose the last identity on the left and on the right with pf- 
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so that 

-^tkitj + fitjVjk = -^vtjvtkd. 

Thus, 

-‘^vtk = 

and 

vfkvfj = vtjvfkivfj)P 

i.e. 

vtkvtj = -vtjfjfk- 

Hence, 



= [vfj,vfk] 

= vfjvfk - VjkVfj 
= vtjvtk - i-vtjVjk) 
= ^4^tk- 

For (fT^ . we can see that 

^d) ^d) ^d> ''d> ''d> 

%Vki = VikVjkvL 
^d> ''(p 

= -%k%i^ 

and similarly for the remaining identities. 


□ 


Lemma 3.5 The definition of pure (twisted Spirf) spinor does not depend on the choice of orthonor¬ 
mal frame (/i,..., fr) of R’'. 


Proof Suppose /') is another orthonormal frame of R*" so that 

fk ~ Oklfl “t“ ■ * * “t“ Okrfn 

for 1 < fc < r, and the matrix A = (uki) G SO{r). Recall that 

vti = ^Hfki). 


If we write the left-hand side of the first condition in the definition of pure spinor with respect to the 
frame {fi, ■ ■ ■, f(), we have 





aksOit - aktais)^'^{fst) 



s^lt ^kt^ls 



■ ^ 


^(afcsOzt - aktais)i^‘^ifst) + 2k™(/ st)) • (f 

S<t 

0 . 


In order to simplify notation, let 


Jkl 

j' 

^kl 


^Hfki), 

^Hfki)- 
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Now suppose that the second condition of pure spinor is fulfilled for the frame (/i,..., fr) 


Jki — “Mb 


With respect to an orthonormal frame (ei,..., e„) of R”, 

n 


C =1 


E E {(IksO^lt O-fctQ'/s)(-^5 Cc)6c 

c—1 l<s<t<r 


^ ^ {^ks^lt ^kt^ls) ^ ^ (.fst^{^ 1 6c)^c 

l<s<t<r c—1 


l<s<t<r 

Since the bases {fki\^ < k < I < r} and < k < I < r} are orthonornial in 

SacSbd = {fab Jed) 


^ ^ Jas^bt (^at^bs 
\ l<s<t<r 


)fst, E {dcu^dv ^cv^du) fuv / 

l<u<i!<r / 

E E Jas^bt ^at^bs)J cu^dv ^cv^du)^su^tv 

\s<.t<r l<ii<tJ<r 

^ ^ Jas^bt ^at0^bs)jcs^dt 


l<s<t<r 


By rewriting (fT^ , 


we have 


^kl^kl 


Jkl — ^ ^ Jks^lt ^kt0^ls)Jst: 


l<s<t<r 


E aktais)Jst E {ciku^lv ^kv^lu)Ju 

Cs<t<r J \^l<u<v<r 

— ^ ^ ^ ^ i^ksO^lt 0,kt^ls){^ku^lv ^kv^lu)JstJuv' 


l<s<t<r l<u<D<r 


There are three cases: 


(13) 


(14) 


(i) the indices s, t, u, v are all different; 

(ii) the pairs (s, t) and (u, v) have one, and only one, common entry; 

(hi) the pairs (s, t) and {u, v) coincide. 

For (i), note that since s < t and u < v, we only have the following six summands with those 
indices, so that 

{dksk^lt dktdls'){Ojkud[v dkvdlu)JstJuv 

~^{,dksdlu dkudls'){^dktdlv Clkvdlt) JsuJtv 

~^{,dksdlu dkudls'){^dktdlv dkvdlt) JsuJtv 
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(^kt^^ls^iOjkuO^lv ^kv^^lu) JstJuv 

~\~{^Clks^lv ^kv^ls^iP'ktO^lu ^ku^lt) Jsv Jtu 

~\~{S^ks0^lv ^kv^ls^is^ktOjlu 0,ku0/lt) Jsv Jtu — (^{p'ks^lt ^ktO/ls^ip^kuOjlv O^kvO^lu') 

‘^(y^ks^lu ^ku^ls^i^kt^lv ^kv^lt') 

-\-2>(^Clks^lv ^kv^ls^i^kt^lu ^ku^lt')')JstJuv 

= 0 . 


For (ii), suppose s = u but t ^ v. Now we have two summands 


{pjks^lt ^kt^ls)is^ks^lv Oikv^ls) JstJsv 
{p^ks^lv ^kv^ls)is^ks^lt ^kt^ls)JsvJst 


and similarly with the other possibilities. 
For (hi), we have 


{(Xks^lt ^kt^ls)is^ks^lv ^kv^ls)i^JstJsv “t“ JsvJst^ 

{p'ks^lt ^kt^ls){,^ks^lv ^kv^ls)^Jtv “t“ Jvt) 

{p'ks^lt ^kt^ls)is^ks^lv ^kv^ls)i^Jtv Jtv) 

0 , 


^ ^ is^ks^lt ^kt^ls) Jst — Ib]^n , 

l<s<t<r 


where we have used (HI. 


□ 


Definition 3.3 A linear even-Clifford hermitian structure of rank r on K.", n G N, is a representation 

Cl° —^ End(R”) 

such that eaeh bivector CiCj, 1 < i < j < r, is mapped to an antisymmetric endomorphism Jij 
satisfying 

Jij = “IdRn. 


Proposition 3.1 //</>€ A„ 0 ^ pure spinor, it induees linear even-Clifford structure of rank 

r on R", i.e. there is a morphism of algebras 

Cl° —^ End(R”) 


induced by the assignment 

hj ^ vfj^ 

so that 

^ f (g) Ar ifr^O (mod 4), 

“ \ R"*! g) A+ © R™2 ©A- ifr = 0 (mod 4), 

as a representation ofCl^, for some m,mi,m 2 € N, where A^ denotes the (unique) non-trivial real 
representation of Cl) ifr ^ 0 (mod 4), and A+ and A~ denote the two non-trivial real representations 
of Cl) ifr = 0 (mod 4). 


Proof By Lemma 13.41 the map 


{ci)r 


End"(R”) 
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fij ^ vfj 

extends to an algebra homomorphism 

Cl° End(M”). 

Since the matrices fif^ square to —Wr™, this representation of Cl^, contains no trivial summands. By 
[m Theorem 5.6], we know that the algebra Cl^ is isomorphic to a simple matrix algebra and has (up 
to isomorphism) only one or two non-trivial irreducible representations depending on whether r ^ 0 
(mod 4) or r = 0 (mod 4). □ 

Lemma 3.6 Let(j)€ be a pure spinor and [g, h] £ Spin^(n). Then the spinor 

is also a pure spinor. 


Proof. Consider the orthonormal frames 

(^ii ■ ■ • 16 „) = (A„(g)(ei), ..., Xn{g){en)), 
(/(,...,/;) = (A.(/i)(/i),...,A.(/i)(/.)), 


of R" and R’’ respectively. We will verify the pure spinor identities for (f := ^])(?^) using these 

frames. Then 

= '^{eWb-i^TMkfi) ■ T^T)eae'b-T 

a<b 


= ^ (A„(g)(eo)A„(g)(eb) • k™ (Ar(/i)(/fc)Ar(/i)(/z)) • p, (p) A„(g)(eo)A„(g)(eb) • p 

a<.b 

= X! i^n(g)ieaeb) ■ K^^,(Xr(h)(fkfi)) ■ p, <p} Xn(g)(eaeb) ■ p 
a<.b 

= ^ (A„ X \r{[g, h]){eaeb ■ K^Mkfi)) ■ ^])(<(>)> h]){(j))) A„(g)(eaeb) • h]){4>) 

a<6 

= h]){eaeb ■ AfUkfl) ■ A: <r([5, h]){(j))) \nig){eaeb) ■ K™^(b, h]){(j}) 

a<.b 

= Y1 ■ ^T*ifkfi) ■ (f, A h]){eaeb ■ 4>) 

a<ib 

= <r([ 5 ,^]) ('^{eaeb-K'fl{fkfi)-<l),(l))eaeb-A 

\a<b / 

= <r-([5) h]) (-2k™ (/fc/z) • (f) 

= -2K™(A.(/i)(/fe/z))-K™,([ff,/r])(0) 

= -2k™(/^//)-¥^, 


which proves the first condition for purity of p. 

For the second condition, consider 

= Y.(^yb-kcZif'kfl)-T,T)Ae'b 

a<ib 

= AA9){(^a)Xn{g){eb) ■ K'fl{\r{h){fk)\r{h){fl)) ■ p, p) e^b 

a<.b 
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= i^ri{9){eaeb) ■ K™ (Ar(/i)(/fc/i)) • ‘P, p) e’ae'b 

a<b 

= ^ (A„ X Xr{[g, h])ieaeb ■ K^ifkfi)) • <^([5, «™r-([5, h]){(j))) e^e'f, 

a<b 

= Y1 i^nAia^ h]){eaeb ■ K™ (/fc/z) • A, h]){cj))) e'Ab 

a<b 

^ X] ■ AAfkfi) ■ (/>, A Ae-'b 

a<b 

= '^'^^{fkfi){ea,eb)eAb, 

a<b 

which means that the matrix representing with respect to the frame {e[,... ,e'^) has the 

same coefficients as the matrix representing ^‘^{fkfi) does with respect to the frame (ei,...,e„). 
Hence, 

[<i>Afkfl)? = -Mr- 

□ 


Lemma 3.7 Let (j) £ A„ 0 A®™ be a pure spinor and [g,h] £ Spin^iri). The Stabilizer of (p is given 
as follows: 


r (mod 8) 

Stab((/>) 

0 

( 50 ( 7711 ) X 50 ( 7712 )) • Spin{r) 

1 

SO{m) ■ Spin{r) 

2 

U[m) ■ Spinfr) 

3 

Sp{m) ■ Spinfr) 

4 

Sp{mi) X 55 ( 7712 ) • Spin{r) 

5 

Sp{m) ■ Spin{r) 

6 

U[m) ■ Spinfr) 

7 

SO{m) ■ Spin(r) 


Table 3 


Proof. Let g £ Spin'"{n) be such that g{4>) = (f), and = ( 51 , 52 ) S SO{n) x SO{r). For the sake 

of convenience we will use the notation of Lemma 13.21 Note that 


gi{^Hfkfi){x)) 


At ifkfl) ■ (p, 4>) Cbj 

n 

X A ef, • A (fkfi) ■ (p, p) 51 (e&) 

n 

X {g{x A eb ■ A ifkfl) ■ P),giP)) gAb) 

b^l 

n 

X (5i(^) A5i(eb) • Aig 2 ifk)g 2 ifi)) ■ giP)),g{P)) giieb) 


6=1 


Y,{giiX)Aei-Aifkfi)A,P) e'b 


6=1 


$^/'//)(5i(X)), 


where ej, = 51 (et) and /(, = g 2 ifk)- Since 

span(l>'^(/fc/i)) = span(l>‘^(/^//)), 
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gi £ Nso{n){spin{r)), which was computed in 
We have 

fkfi 

i 

for the diagram 

spin(r) = span({/fc/i}) 

spin(r) ^ span({l>'^(/fc/i)}) 

where the vertical arrows are isomorphisms and the horizontal arrows correspond to g 2 and gi acting 
via the adjoint representation of SO{r). Since spin(r) is simple, 9i\spa.n(^*(f^fi)) 52 correspond to 

each other. There exists a frame {fi,..., fr) of M'' such that 

52 O ■ ■ ■ ® ^V[r/ 2 ] 

where Rip,, is a rotation by an angle Lpu on the plane generated by f 2 k-i and / 2 fc, 1 < k < [r/2], so 
that it is the exponential of the element 


a- 


92, 


V 


f'kfl 

i 


92 


span({/fc//}) = spin(r) 

i 

^ span({|.^(/'//)}) - spin(r) 


Such an element is mapped to 

which exponentiates to 

h2 := 


[r/2] 

‘fk hk-l A f2k- 

k=l 

[r/2] 

k^l 


5llspan(<i>'<’(/fc/i)) 

eEL=?' 

[r/2] 


n 




k=l 

h/2] 

(cos((/5fe)Id„xn +sin(v?fe)$‘^(/fc/i)). 


k=l 


Now, there must be an element 

such that 

Thus, 


hi £ Cso[n){Spin{r)) 
gi = hih 2 - 


9 = 


[r/2] 

hi (cos(/?fe/2) 

fc=i 


[r/2] 

sin((/j/,/2)$'^(/fe/;)), (cos((/)fc/2) + si\i{ipk/‘^) hk-ihk) , 

fc=i 


where A„(/ii) = hi. 


□ 
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Lemma 3.8 Let 4> G ® A®™ be a pure spinor. Every element in the orbit Spinir) ■ <f> generates 
the same orthogonal even Clifford structure on R", where Spin(r) denotes the canonical copy of the 
group in Spin^(n) given by the elements [(l,^)]. 


Proof Let g G Spin{r) C Spin''{n), i.e. X^ig) = ( 1 , 52 ) € SO{n) x SO{r). Then 

n 

h^l 

n 

= ^ A eb • C*(52(/fc)ff2(//)) ■ g{4>),g{4>)) et 

b^l 

n 

= '^{gixxeb-K'fX{fU'i)-4>),g{4>))eb 


b^l 


b^l 


where 52 (/^ = fk- 
The subalgebra 

A^so(n)(span({$'^(/fc/i)})) ©span({/fe/i}) C so(n) ©so(r) 
determines a horizontal map and lift 


Let 


and 


Nso{n){Spin{r)) 

S = Spin^{n) ■ (f 


Spin^{n) 

^ i 

^ SO{n) X SO{r) 


Spin^ in) 

Nso(n){Spin{r)) 



Spin{r) 


□ 


Proposition 3.2 The space parametrizing linear even-Clifford hermitian structures in K" is 

SO{n) 


Xsoin){Spin{r)) 


= S. 


□ 


Remark. The space S can be used as the fibre of a twistor space for almost even-Clifford hermitian 
structures. We shall explore the construction of twistor spaces in a future paper. 


3.2 Reducing spinors 

Definition 3.4 A (non-zero) spinor (f G A„ ® A®™ is called a reducing Spin’’ spinor, where r > 3 
and m G N, if 

ivti + <Mki))-f^ = 0 , 


21 





vti ^ 0, 


/or all 1 < k < I < r. 


Lemma 3.9 The span of the endomorphisms rj'^i associated to a reducing spinor (j) £ A„ 0 A®™, 
where r > 3 and m £ N, form an isomorphic copy of the Lie algebra so(r). 


Proof. It follows from calculations similar to those in the proof of Lemma 13.31 Indeed, suppose 
^ < i,j,k,l < r are all different. Notice that in spin(r) C Cl^, 

[fki,h]=0 

and, since k™ : spin(r) C Cl^ —>■ End(A®’”) is a Lie algebra homomorphism, 

0 = K^^ilfkljij]) 

Now recall that 

vfj ■ = -uTAfij) ■ 

implies 

ifki)- vfj • </* = (/y 

By Lemma IXTl 

the entry in row t and column s of the matrix 

Analogously, 

Re(^e, Aefptr 

Thus, 

[vU-nti] = [vtpvtj] 

and 

['nfj,vti] = 0- 


Now recall that in spin(r) C (7/°, 


[fvJjk] = -2/.fc, 


so that 


i.e. 


= nZ(.fjk)nZ{fij) - 2K™(/*fc). 
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Since 
we have 

Thus, 

Since 


Re (cs 


we get 


and 




4> 

% 

• = -C,(/i.) • 




^r*ifjk) 


(j) = 


■ (f- 



) • fi, 

fi) ^ 

= Re (^Cs A et ■ 

4> 

^jk- 


ifij) ' 

Re (^Cs 

A et 

4> 

■ % ■ 

C*(/jfe) • 4>) 

= 


>4] 

Re (^Cs 

A et 

■ ^tk ■ 

4>) 

= 






vfki^s,et) 

= 

[vtk 

]tS-! 


\ffi 

L'/ij 


II 

1 

- 2fiff. 






= -[flUvfk] 


>ik’ 





= -vtk- 


□ 


Lemma 3.10 The definition of reducing (twisted Spin'') spinor does not depend on the choice of 
orthonormal frame (/i,..., /r) 0/ R’'. 


Proof. Suppose /') is another orthonormal frame of R*" so that 

fk = flfel/l + ■ ■ ■ + akrfn 

for 1 < fc < r, and the matrix A = (oki) G SO{r). Recall that 

If we write the left-hand side of the first condition in the definition of pure spinor with respect to the 
frame {fi, ■ ■ ■, f(), we have 

+ «^™(/fci)) • </> = (J^iaksait - aktau)<i>'^ifst)^ + k™ (^{aksait - aktais)fs^'^ ■ 

= '^{aksait - aktais){^'^{fst) +«:™(/st)) • 

S<it 
= 0 . 


Note that the right-hand side of 

- aktais)<i>'^{fst) 

tells us that A G SO{r) is acting on span({$‘^(/st) 11 < s < t < r}) = so(r) via the adjoint 
representation. Thus 

<^Hfki) 0 . 

□ 
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Lemma 3.11 Let (j) G A„ 0 A®"* he a reducing spinor and [g,h] G Spin^{n). Then, the spinor 
/i])((^) is also a reducing spinor. 


Proof. Consider the orthonormal frames 

(cii ■ ■ • I C„) = (A,i(g)(ei), . . . , Xn{g){On))’: 
if[,...J') = {Xrih){h),...,Xrih){fr)), 

of R” and K’’ respectively. We will verify the pure spinor identities for (p := h]){(j>) using these 

frames. Then 



a<b 

(A„(g)(eo)A„(g)(eb) • (Ar(h)(/fc)Ar(h)(/z)) • p, p) A„(g)(eo)A„(g)(eb) • p 

a<.b 

{Xn{g){eaeb) ■ Kff,{Xr{h)[fkfl)) ■ p, p) Xn{g)ieaeb) ■ p 

a<.b 

y] (A„ X Xr{[g, h]){eaeb ■ nZifkfi)) ■ ^])(<^)) ^])('/')) A„(g)(eaef,) • h]){(j)) 

a<6 

/i])(eaeb • uTMkfi) ■ </>), K™r-([5, h]){(l))) Xn{g){eaeb) ■ h])(</)) 

a<6 

y^ (eaCb • K^Mkfl) ■ 4>, 4>) i^nAia, h]){eaeb ■ (f) 

a<ib 

<A\-9^ ^]) (X] (e^eb • K^Afkfi) ■ f), 4>) eaCb ■ A 

\a<b / 

<A[9M){^Afkfi)-4>) 

KZA9M){-<Mkfi)-A 

-K'fi{Xr{h){fkfl)) ■ h]){(f) 

-<Mkfl) ■ T, 


which proves the first condition for ip. 
For the second condition, consider 



a<.b 

= Y AA9)(.ea)Xnig){eb) ■ K'fl{Xrih)ifk)Xr{h){fl)) ■ p, p) eA'b 

a<b 

= Y AA9)(.(^aeb) ■ iA*Ar{h){fkfi)) ■ P, p) eA'b 

a<.b 

= X! (A„ X Xr{[g, h]){eaeb ■ C*(/fc/0)' ^])(<^), h]){(j))) e^'b 

a<.b 

= Y «r-([5, h]){eaeb ■ uTAfkfi) ■ </>), <^([ 5 , h])(<^)) e^^e;, 

a<.b 

= Y A AA 

a<ib 

= Y^^(AfAea,eb)e'A, 

a<b 
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which means that the matrix representing with respect to the frame (e^,... ,e^) has the 

same coefficients as the matrix representing ^‘^{fkfi) does with respect to the frame (ei,...,e„). 
Hence, $‘^(/'//) ^0. □ 


Lemma 3.12 Let (j) S A„ ® A®™ be a reducing spinor. Every element g{4>) G Spin(r) ■ (j) generates 
the same span of 2-forms 

span($®^'^^(/fci)) = span($'^(/fei)), 

where g G Spin(r). 

Proof. Let g G Spin{r) C Spin''{n), i.e. A^(g) = (1,52) G SO{n) x SO{r). Then 

n 

b^l 

n 

= Acb- «:™(s2(/fc)ff2(//)) • g{(tf),g{ 4 >)) e& 

b^l 

n 

= '^{gix Acb-K'fX^fU'i) ■<!>),9(.4>))eb 


&=1 




b^l 




where 52(/D = fk- 


□ 


3.3 Pure spinors: r = 2 

We have left out the case r = 2 due to the following two reasons: 

1. The prototypical pure Spin'^ spinor is (/? = G A2„. It satisfies the equation 

e2j-i • P = V— 1 e2j • ip 


for 1 < j < n. This means that the complex structure determined by p is the standard complex 
structure on 

( -1 \ 

1 


Furthermore, 


Jo = 


V 



622-162 j 


p = y/Xlp^ 


SO that the associated real 2-form 

:= ^ (eaGb • p, p) CaCb 

l<o<6<2n 
n 

= — 620-1620 

a—l 
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gives 

Thus, 


r = -Jo- 


= -^620-1620-(/J 


= -E 




= -ny/JJlip, 


i.e. the associated 2 -form 77 “^ and the spinor ip satisfy 

( 77 “^ -I- nV^) ■ p = 0, 

which contains the coefficient n instead of 2 . 

2. Recall that Spin{2) is very different from all other spin groups Spin{r), r > 3, since it is abelian, 
non-simple and non-simply-connected. All of these differences are somehow reflected by the fact 
that there are, in fact, no pure Spin^(2n)-spmors according to our Definition 13.21 Instead, there 
are spinors satisfying the equations 

(vt2+nKl(fi2)) ■ (j) = 0, 

= -IdR2r., 

just as in the Spin”^ description above. 


3.4 Existence of pure spinors 


In this subsection we present explicit pure spinors for the ranks r = 3, 7. Let us define the following 
maps: 

^ {±l}X2m 


G : {±1}^™ 

(^l , . . . , S - j - yi ') 


(ei, £1, . . . , S-j-yi: ^m) •) 


H : {±1}^”" 

(Sl, . . . , Sm) 


Define 


{0,1,..., 77l} 

m - 

^ 1 - £j 

^ 2 

j=i 


{±1};- := 

which is the set of elements in with exactly j entries equal to (—1). Note that 


i{±i}ri = 


3.4.1 Dimension n = Am, rank r = 3 

Define the following elements 
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The spinor cj) £ A 4 m 0 A®"* 

I —3— 1 I 

is pure. The 2-forms associated to </) are 

m 

= '^{e.ij-^eij-2 + CAj-iCAj), 

i=i 

m 

= '^i-e4j-3e4j-i + e4j-2e4j), 

i=i 

m 

= y^(-e4j-3e4j - 64 ^- 264 ^- 1 ), 

i=i 

which span a copy of spin(3) G so (4m). For instance, let us compute 

»7i3(er,es) = Re(^er A Cs ■ K^^ifis) ■ (j), 

3 / "* 1 m ^ 

~ (to -I- 2)(m -1- 1) \ ^ ® '*3»(/l3) • ® frn-j'j- 

Let us consider 

CrCs ■ Ipj — C4fci—ji 64^2—42 ■ V’i “ ^ ^ ®4fci—ji 64^2—42 ■ ^G(ei,...,Em) ’ (1^) 

(Ei,...,eTO)G{±l}J‘ 

where d/ci - ji < 4^2 - j 2 , 0 < ji, j 2 < 4. Define (£?,£},.. .,£%^,£]n) '■= (£i,£i, ■ •. ,£m,£m)- Note 
that 


^12 


^713 


%3 


e4fe-4 • Ug(£i,,= e4fe-4 • 






Thus, 


erCs-lpj = ^ (j)^l+'’2(£m-fci+l)^^^2 l(£^_fc2 + l)^^^2 1 


(ei,...,£,n)G{=hl}^ 

On the other hand, 




K- 


T*ifl3) ■ V’m-j — 


Kr*(/l3)-^^(Ei....,E„) 

(El,...,Em)G{±l}™_ . 


m 

^ (!:=■) 


^(El,...,-Ei,...,Em) 


(El,...,Em)G{±l}™_,- 1=1 


(w-(j - i))u(,£^....,£^) - O'+ i)^^(ei.....e„ 

(ei ,.. .,ETn)e{il}^_j-^,, (ei ,.. .,Em)e{il}^_j-_,, 


For fci < ^2 


(E?.E},...,(-Em-fci+l)‘‘^’,....(-em-fc2 + l) 
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Thus, for ki < k 2 


G4k2-j2) ~ 0- 

Now consider ki = k 2 = k. In this case 


Visi^ik-jn S4k-j2) — 


(m + 2)(m + l)^®(^ (™) ^ = '(em-fe+i)' 


i2+li 


X! (w- (j- - 

(El,...,em)G{±l}™_^-^l 


(El,...,em)G{±l}™_j_l 


^ ('m'l S '“G(ei,...,£™) 

=0 V i / 


j=0 (El,...,Em)e{±l} 

We have the following cases: 

1. If [^] = [^] so that ji + j 2 = 1 (mod 4): 


y~! i'(ei....,e 

(£l.--Em)e{±l}™_, 


^13 (C4fc—) £4fc—J2 ) “ 


-Re 


m 

{•(EtAt E 


A;+l'^G(ei ' 


(m + 2)(m + l) I (7) 

[ (m - (i - l))'i^(ei,(i + . 


(ei,....e,„)e{±l}" 


(ei,...,Em)e{±l}" 


m ^ 

(Ei....,£™)e{±i}7* (Ei,...,Em)e{±i}™_, 


2. If[^]^[f]: 

i) ji = 2, J 2 = 0 and ji + ja = 2 


^13(^4*:—ji 1 64 J:—j 2 ) “ 


(m + 2 )(m + l)(^ ("*) [ ^ «G(ei,...,e„_fcl,...,E,„) 

+ 53 UG(e,,...,e^_^_^,...,em)] ® 

[ 53 (”*-(i-i))'»(Ei....,E™)- 53 (i + i))^(Ei,...,em) 

(ei,...,em)e{±l}™_„.,_i (ei,---.em)e{±l}™_j_i 

771 ^ 

53 7^ 53 “G(ei,...,em) 53 '’'(El.-■■.Em)) 

i=o yjl (Ei,...,Em)e{±i}7‘ (Ei,...,E„)e{±i};:;_, 


-3 


(m + 2)(m + l)\^ (7) 


777 

(EtAtI 


E 


“G(Ei,...,E,„_fcl,....E™) ® 53 (m- O'- llll'CEx.-.-.E^n)] 


(El,...,E„_fc + i.....£m)e{±l}^l 


(Ei,...,Em)e{±l}m -3 + l 


E 


'’‘G(Ei.....Em-fc-l,---,Em)) E 0 + l))'''(Ei,...,Em)] }’ 




m ^ 

5 ■/ /m\ 5 ( ’’G(ei .....Em) ' 

j = 0 '- 1 -' (Ei,...,Em)e{±l} 7 * 


E 

(Ei,...,£m)e{±l}™_ 


(El,---.Em)e{±l}^_,j_l 

'’’(El,...,Em)) 


-3 


(m + 2)(m + 


E l r /m — 1\ / m \ 1 
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/m — 1\ / m \ 1 ,. ,1 


-3 


Vj+li 

^(2j^ - 2mj - m) = 1. 


m(m + 2)(m + 1) ^ 

ii) If ji = 2, j 2 = 1 and ji + j 2 = 3 


^ 13 (^ 4 ^—J1 ) ^4fe—^2 ) “ 


(m + 2)(m + 1) 


-Re 


m ^ 

j=0 - 


3 —U ''J (Sl) • • • 

^ (m- (i- l))'i^(ei,....e™) - O'+ l))^(ei ,...,e^)] , 


eA e 

j=0 yj! (ei,...,£m)e{±l}” 


“G(£i.....e„) ® E ^(ei.....em))} 

(£l,...,£m)^{=t=l}!IJ_^ 


= 0 . 

iii) If ji = 3, j 2 = 0 and ji + ja = 3 


^13 (^4fc—JI ; 64fc—J2 ) 


iv) If ji = 3, j 2 = 1 and ji + ja = 4 


^f3(®4fc-ji, e4fe_j2) — 1. 


The spinor (jj is annihilated by 


4> 

Vi2 

+ 


d) 

Vl3 

+ 

2«r*(/i3), 

4> 

V 23 

+ 

2«™*(/23), 


and the forms 


Ph = 


641-3644-3 + 64 i_ 264 j _2 + 64 i_ie 4 j_i + 64^64^, 
e4i_3e4j_2 — e4i_ie4j, 

641-3644-1 + 64 i_ 264 j, 

64 ^- 364 ^ — e4i_2e4j_i, 

where 1 < i < j < m, so that 

span({/3|j |I<i<j<m, l<s< 4 }U{ 77 fj+ 2 /fe; 11 < fc < / < 3}) = sp(m)0sp(I) C spin(4m)©spin(3) 
annihilates (j), which is consistent with Lemma 13.71 For instance, 

1 ™ 2^ 

■ ^ ^ 77771^13 ‘ V'i ® ypm-j + 4’j ® 2/t3^(/i3) • I 


(^f3+2«:S(/i3))<^ = 
Observe that 


so that 

(^f3 + 2^s:(/i3))<A = 


m + 2 Vm + 1 (7) 

vtz ■ V’4 = -2 (j + l)V'4 + l + (i - 1 - to)'04-1 

2^3 


V^(m + 2)(m + l) ^ ( 7 ) 


^ 7^{ - (j - 1 - 


m-j 
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+^3 


(m - j + l)ipm-j+l - {j + I 


2^3 


m 


m — j + 1 


y/{m + 2 ){m+l) ^ IL (™) 

f—j + m j + 11 'I 

Vi+ 1 / Vj/ 


]V'. 


0 (fim-j+l 


= 0. 


3.4.2 Dimension n = 8, rank r = 7 

The spinor </>! S Ag 0 A7, 

01 = 2 ['*^(-1.-1.-1.-1) ®'^(1,1,1) ~ '*^(1.-1,-1.1) ® '*^(1,1-,!) 

+'*^(1,-1.1,-1) ® '*^(1,-1,!) ~ "W)!,!,-!,-!) ® 

“'*^(-1,-1.1,1) ® '^^(-1,1,1) + 'U(_i4__ip) 0 

0 + U( 14 ,l,l) 0 U(_i__i^_i)] 

is pure. The 2 -forms associated to t/fi are 


4 >i 

Vi 2 

= 

6162 — 6364 -|- 6565 -I- 6768, 

4 >i 

Vl 3 

= 

6163 -|- 6264 -|- 6567 — eeeg, 

4 >i 

Vii 

= 

6464 — 6263 -I- 6568 -I- 6567, 

4 >i 

Vl 5 

= 

6165 — 6266 — 6367 — 6463, 

(pi 

Vie 

= 

eiCe -I- 6265 -|- 6363 — 6467, 

(pi 

VlT 

= 

6167 — 6268 -|- 6365 -I- 6465, 

(pi 

V23 

= 

—6464 -|- 6263 -|- 6563 -|- 6067, 

(pi 

V24 

= 

6463 -I- 6264 — 6567 -I- eees, 

(pi 

V25 

= 

6466 -I- 6265 — 6368 -I- 6467, 

(pi 

V26 

= 

—6465 -I- 6265 — 6367 — 6463, 

(pi 

V27 

= 

6463 + 6267 -|- 6363 — 6465, 

(pi 

V34 

= 

—6462 -I- 6364 -|- 6563 -I- 6763, 

(pi 

V35 

= 

6467 -I- 6263 -|- 6365 — 6465, 

(pi 

%6 

= 

—6463 -I- 6267 -|- 6363 -I- 6465, 

(pi 

%7 

= 

—6465 — 6263 -|- 6367 — 6463, 

(pi 

V45 

= 

6463 — 6267 -|- 6363 -I- 6465, 

(pi 

<6 

= 

6467 -|- 6263 — 6365 -I- 6465, 

(pi 

V47 

= 

—6463 -I- 6265 -|- 6363 -|- 6467, 

(pi 

V 56 

= 

6462 -|- 6364 -|- 6563 — 6763, 

(pi 

%7 

= 

6463 — 6264 -|- 6567 -I- 6563, 

(pi 

%7 

= 

6464 -|- 6263 — 6563 -|- 6567, 


and 

spanl?)^;^ \ l < k < I < 7} = spin(7) C so(8). 
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The subalgebra 


span{? 7 ^;^ + 2/fc; 11 < fc < / < 7} = spin(7) C spin(8) © spin(7) 
annihilates (pi , which is consistent with Lemma 1X71 
There is reducing spinor 


p2 = 


which gives the forms 

1 < A: < Z < 7. We have 
and the subalgebra 


0 '^^(1,1,1) ~ "“(I,-!.-1,1) 0 ^^(l,!-,!) 
+■*^(1,-1,1,-1) 0 '^(1,-1,!) ~ "^(-l,-1,1,1) 0 '^^(1,-1,-!) 

~'*^(-l,l,l,-l) 0 ^^(-l,-!,!) + ^( 14 ^ 14 ) 0 U(_1 _1 _!)] , 

Vu = ekCi, 

spanj?)^;^ 11 < fc < / < 7} = so(7) C so(8), 


span{77^f + /fej 11 < Zc < Z < 7} = so(7) C spin(8) © spin(7) 


annihilates p 2 

+4*(/fcz)) • 02 = 0. 


The common annihilator of the pure spinor pi and the reducing spinor 02 is generated by the 
following elements of spin(8) ©spin( 7 ): 

6162 — 6364 + /1/2 — fsfi, 

6162 + 6565 + /1/2 + /s/e, 

6163 + 6264 + /1/3 + / 2 / 4 , 

6164 — 6263 + /1/4 — / 2 / 3 , 

6464 + 6567 + /1/4 + /e/?, 

6264 — 6567 + /2/4 — /e/?, 

6165 - 6367 + /1/5 - fsfr, 

6165 + 6266 + /1/5 + /2/6, 

6265 + 6467 + /2/5 + / 4 / 7 , 

eice + 6265 + fife + / 2 / 5 , 

6167 + 6365 + /1/7 + /s/s, 

6267 — 6465 + /2/7 — /4/s, 

6267 + 6365 + /2/7 + /s/e, 

CiCs — 6265 + fife — /2/6, 

which span a copy of 02- 


4 Special Riemannian holonomy 

In this section, we present the geometrical consequences of the existence of parallel pure spinors 
on manifolds with spinorially twisted spin structures. In particular, we establish a correspondence 
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between special Riemannnian holonomies and parallel pure spinors. Let M be an oriented Riemannian 
manifold admitting a SpivJ' structure, and F the auxiliary Riemannian vector bundle. 

Definition 4.1 •A rank r almost even-Clifford hermitian structure, r > 2, on a Riemannian 
manifold M is a smoothly varying choice of linear even-Clifford hermitian structure on each 
tangent space of M. Let Q C End~(rM) denote the subbundle with fiber spin{r). 

• A Riemannian manifold carrying such a structure will be called an almost even-Clifford hermitian 
manifold. 

• An almost even-Clifford hermitian structure on a Riemannian manifold M is called a parallel 
even Clifford structure if the bundle Q is parallel with respect to the Levi-Civita connection on 

M. 

Our terminology differs from that of m- We have added the words “almost” and “hermitian” 
since, in principle, there is no integrability condition on the structure and the compatibility with a 
Riemannian metric is an extra condition. We shall explore integrability conditions in the style of 
Gray [TU] in a future paper. 

4.1 Generic holonomy SO{n) 

Proposition 4.1 [5] Every oriented Riemannian manifold admits a spinorially twisted spin structure 
such that an associated spinor bundle admits a parallel spinor field. □ 


Indeed, there exists a lift of the diagonal map given in the horizontal row of the following diagram 

Spiniri) Xz 2 Spinfn) 

SO{n) SO{n) x SO{n) 

Let /? be the unitary basis of A„ described in Section[2]and 7 „ be the corresponding real or quaternionic 
structure of A„. The twisted spinor G A„ 0 A„, 


00 := 

V'6/3 


is SO{n) invariant, where 

C{n; £i,..., £4k) 
C{n; El,..., e4fc-i-i) 
C(n; £ 1 , . . . , £4k-i-2) 
C{n; El,, e4fc-i-3) 


(_i)'=+5s:"ii(e22-i+i) if ^ ^ 8fc,8fe-k 1, 

i(_l)fe+5 I:T=VC2j-i+i) iin = 8k + 2,8k + 3, 

(_l)fc+5 T.f=VC2j-i+i) [in = 8k + 4,8k + 5, 

j(_l)fe+5 if 71 = -h 6,8fc -f 7. 


Proposition 4.2 [8] The 2-forms associated to 0o cire multiples of the basic 2-forms epAcq ofso{n), 
i.e. 

00 _ Cin/2] p A p 
'Ipq — Cp Cq. 

□ 


Note that 0o is not pure. However, it satisfies the equations 

SpSq ‘ 00 T ^n*ifpfq) ■ 00 “ 0; 

for 1 < p < g < n, i.e. it is a reducing spinor. 
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4.2 Holonomy reduction due to parallel pure spinors 

Definition 4.2 Let M he a SpinL manifold . A spinor field (j) G r{S(TM) 0 is called pure 

if (j)p is pure for every p G M. 


Theorem 4.1 Let M be a Spin'" manifold admitting a pure spinor field </> G T{S(TM) ® S'(F)®™) 
for some m G N, where r > 3. Then, 

1. there is a well-defined subbundle Q C /\^T*M locally generated by {rjfil 1 < k < I < r}; 

2. there is a well-defined subbundle Q o/End” (TM) locally generated by 1 < k < I < r} whose 
fibre is isomorphic to spin(?’); 

3. there is rank r almost even-Clifford hermitian structure induced by 

{Cl°{F)f —^ End” (TM) 

hi ^ vti- 

Proof. The proof follows from Section [S] □ 


Theorem 4.2 Let M be a Spin’’ manifold admitting a parallel pure spinor field (f G T{S{TM) 0 
5'(F)®'") for some m G N, where r > 3. Then, the manifold M admits a rank r parallel even Clifford 
structure. 


Proof. Suppose V^cj) = 0. Let (ei,..., e„) and (/i ,..., ff) be local orthonormal frames for TM and 
F respectively. Recall that 


VxCj — uJij(X)ei-G ... + u}nj(X)en 
Vxfj = 0 lffX)h + ...+erj{X)fr. 

On the one hand, 

Vx(? 7 fc;(es,et)) = {Xxriti)i(^s,et) + vti{'^xes,et) + r]‘^i{es,Xxet) 

n n 

= xr]ti){es,et) + '^uJasiX)r]fi{ea,et) + '^uJat{X)r]fi{es,ea), 


and on the other, 
Xx{r]tii(^s,et)) 


Vx {eset ■ Kfffffki) ■ <^, 4>) 

(Vx(eset) • K'fffffki) •<?!>,</') + {csCt ■ Vx(K™(/feO) •</>) 
+ (CsCi • K’flifkl) ■ ^Xf), 4 >) + (esCt • Kfffffkl) ■ (f, Xx 4 >) 
(Vx(eset) • Cffifki) + {esCt ■ ^xi^Zifki)) ■ </>, </>) 


{^2^u)as{X)eaet ■ Kfffffki) + {^2^u)at{X)esea ■ Cfffffki) ■ 

+ l^ 0 ak{X)e,et ■ Kfffffal) • </>,</>^ + l^eal{X)eset ■ Kfffffka)) ■ </>,/ 
n n 

'^UJasiX) {CaCt ■ ifffffffkl) ' </>, 4 >) ‘ ‘ 


a=l 


0=1 
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r r 

+ Y.^-k{X) {e,et ■ • <^, <^) + ^ 0,i{X) {e,et ■ <J/fea)) • </>, </>) 

a—1 a—1 

n n 

— ^ ^ ‘^as (^g; ) H” ^ ^ ^gj; (^5; ^g) 

a=l a=l 

r r 

^ ^ ^ak (-^)^aZ (^s ; ) “1“ ^ ^ ^a/ ('^)^A:a (^s: ) ■ 

0=1 0=1 

Thus, 

r r 

(^ (^fc/ ))(^si^t) — ^ ^ ^ofc (^s; ) T ^ ^ ^a/ (-^)^fca (^s : : 

0=1 0=1 

i.e. 

r r 

Xrikl = ^ 0afc 0 rjal + ^ 0aZ 0 77fca ■ 

0=1 0=1 

□ 


4.2.1 Kahlerian homonomies U{n) and SU{n) 

The Kahler and hyperkahler cases have been treated spinorially by various authors [niiiiiiiiisiiii]. 
For the sake of completeness, we collect and use some of their ideas to prove the following two 
corollaries. 


Corollary 4.1 An oriented Riemannian manifold M is Kahler if and only if it admits a Spin‘s struc¬ 
ture endowed with a connection and carrying a parallel (classical) pure spinor field. 


Proof. Let us assume M is a 2m-dimensional Kahler manifold, J its complex structure, denote 
the vector bundle of exterior differential forms of type (p, q) and 

«^ = A™’° = det(A'’°). 

By [11], the locally defined Spin bundle decomposes as follows 

S{TM) = (a°’° © • • • © A°’'") 0 

so that the anti-canonical Spin"^ bundle 

S{TM) 0 = A°’° © • • • © A”’™ 

contains a trivial summand. Thus, the manifold M admits a parallel spinor field tf S r(A*^’°) such 
that [9] 

(X + iJ{X))-i; = 0 

for all X e r(TM). 

Conversely, suppose M admits a Spin"^ structure carrying a parallel pure spinor field ip £ T{S‘^{TM)). 
If X £ T{TM), there exists Y £ T(TM) such that 

X ■ Ip = iY - Ip. 

By defining Y = J{X), we see that J is an orthogonal complex structure, and by differentiating 

XzX-iP = iVz{J{X))-ip. 
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Note that the vector V zX satisfies 


VzX-i; = iJ{yzX)-ij, 


so that 

(Vz(J(X))-J(VzX))-^/> = 0. 
Since real tangent vectors do not annihilate spinors, 

VJ = 0. 


□ 


Corollary 4.2 Let M be a 2m-dimensional oriented Riemannian manifold. The manifold M is 
Calabi- Yau if and only if it admits a Spin‘s structure endowed with a connection carrying two parallel 
pure spinor fields a and r such that at each x £ M, Tx = ^{cTx), where 7 denotes the corresponding 
real or quaternionic structure. 


Proof. Let us asuume M is Calabi-Yau and J is its complex structure. Since M is Spin and km is 
trivial, we can consider a Spin‘s structure with trivial auxiliary complex line bundle L = k,m and fiat 
connection. The Spin"^ spinor bundle 

SiTM) 0 0 • • • © A°’’" 

contains two trivial summands generated by parallel spinor fields a £ r(A'^’*^) and r £ r(A'^’”^) such 
that [3] 

{X + iJ{X))-a = Q and {X - iJ{X)) ■ t = Q 

for all X £ V{TM). 

Conversely, suppose M admits a Spin‘s structure carrying two parallel pure spinor fields such that 
at each x £ M, Tx = 'y{cfx), where 7 denotes the corresponding real or quaternionic structure, which 
is complex-conjugate linear and either commutes or anticommutes with Clifford multiplication. If 
X £ r(TM), there exists Y £ T(TM) such that 

X ■ a = iY ■ a. 

By defining Y = J{X) we obtain a Kahler structure. Apply 7 to 

X • cr = i J(X) • a. 


to get 

i.e. 


X • 7 (cr) = -iJ{X) ■ 7 (cr). 


X • r = -iJ{X) ■ T. 

Although we obtain the same complex structure, the common stabilizer of cr and r is SU(m) C Uim). 

□ 


4.2.2 Quaternion-Kahlerian holonomies Sp{n)Sp{l) and Sp{n) 

Corollary 4.3 A Riemannian manifold is quaternion-Kahler if and only if it admits a Spin? structure 
endowed with a connection and a twisted spinor bundle carrying a parallel pure spinor field. □ 
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Proof. Let us assume M is quaternion-Kahler so that its orthonormal frame bundle has a parallel 
reduction to a principal bundle with fiber Sp{'m)Sp{l). We have the following diagram 

Spin^{Am) 

Sp{m)Sp{l) —^ SO{Am) x 50(3) 

so that the manifold admits a Spin^ structure with an induced connection. We can associate a twisted 
spinor bundle with fibre < 8 ) A™ which contains a trivial Sp{m)Sp{l) summand generated by a 
pure spinor, such as the one in Subsection 13.4. II 

Conversely, if M admits a Spin^ structure with a connection and carrying a parallel pure spinor, 
by Theorem 14.21 we have a parallel quaternion-Kahler structure. □ 


Corollary 4.4 A Riemannian manifold is hyperkdhler if and only if it admits a Spir? structure 
endowed with a connection and a twisted spinor bundle carrying two parallel pure spinor fields a and 
T such that 

'^x — 9 ' ^x 

where g € Spin{r) C Spin’'(ri). 


Proof Let us assume M is hyperkahler. Its structure group reduces further to Sp{m) so that the 
auxiliary SO{3) bundle is trivial, and we can take the flat connection on it. The associated Spin^ 
bundle A 4 m 0 A™ contains the Spin{3) orbit of the pure spinor in Subsection 13.4.11 which consists 
of pure spinors inducing the same quaternionic structure (cf. Lemma [3.121) and fixed by Sp(m). 

Conversely, suppose M admits a Spin^ structure with a connection and carrying two parallel pure 
spinors cr and r such that <Tx = 9 ■ Tx for all x G M, where g € Spin{3) C Spin^(Am). By Theorem 
M admits a quaternion-Kahler structure. On the other hand, the common stabilizer of Ux and 
Tx is Sp{m)U{\), so that the holonomy of the manifold is contained in Sp{m) (cf. [5]). □ 


4.2.3 Exceptional holonomies Spin{7) and G 2 

Corollary 4.5 A Riemannian 8-dimensional manifold has holonomy contained in Spin(7) if and only 
if it admits a SpinJ structure endowed with a connection and carrying a parallel pure spinor field. 


Proof. Let us assume M is an 8 -dimensional Riemannian manifold with holonomy contained in 
Spin{7). Its orthonormal frame bundle has a parallel reduction to a principal bundle with fiber 
Spin{7). We have the following diagram 

Spin'^{8) 

^ i 

Spin{7) 50(8) x 50(7) 

so that the manifold admits a Spin^ structure with an induced connection. We can associate a twisted 
spinor bundle with fibre Ag® A 7 which contains a trivial Spin{7) summand generated by a pure spinor, 
such as the one in Subsection 13.4.21 

Conversely, if M admits a Spin^ structure with a connection and carrying a parallel pure spinor, 
by Theorem 14.21 it admits a parallel rank 7 even Clifford structure. □ 
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Corollary 4.6 The Riemannian product M = N x S of a Riemannian 7-manifold N with holonomy 
contained in G 2 and a flat line or circle S admits a SpiriJ structure endowed with a connection and 
carrying a parallel pure spinor field and a parallel reducing spinor field. 

Conversely, an 8-dimensional Riemannian manifold admitting a Spin! structure endowed with 
a connection, carrying a parallel pure spinor field and a parallel reducing spinor field factors as a 
Riemannian product of a 7-manifold with holonomy contained in G 2 and a fiat line or circle. 

Proof. Let us assume the 7-dimensional manifold iV is a G 2 -manifold. Since G 2 C Spin{7), we can 
use the pure and reducing spinors of Subsection 13.4.21 in conjunction with the previous corollary. 

Conversely, the holonomy group of an 8-dimensional Riemannian manifold admitting a Spin^ 
structure endowed with a connection, carrying a parallel pure spinor field and a parallel reducing 
spinor field must be contained in the common stabilizer of such spinors which, by Subsection 13.4.21 is 
a copy of G 2 . □ 
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